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THE KERNEL OF THE MODULAR REPRESENTATION AND THE GALOIS ACTION
IN RCFT
P. BANTAY
Abstrat. It is shown that for the modular representations assoiated to Rational Conformal Field Theo-
ries, the kernel is a ongruene subgroup whose level equals the order of the Dehn-twist. An expliit algebrai
haraterization of the kernel is given. It is also shown that the ondutor, i.e. the order of the Dehn-twist
is bounded by a funtion of the number of primary elds, allowing for a systemati enumeration of the mod-
ular representations oming from RCFTs. Restritions on the spetrum of the Dehn-twist and arithmeti
properties of modular matrix elements are presented.
1. Introdution
It is known sine the work of Cardy [1℄ that a most important feature of Conformal Field Theory is
modular invariane: the genus one haraters of the hiral algebra aord a unitary representation of the
modular group Γ(1) = SL(2,Z), and the torus partition funtion is an invariant sesquilinear ombination
of them. In fat, this is not simply a unitary representation, beause it omes with a distinguished basis
formed by the genus one haraters of the primary elds. The orresponding representation matries enjoy
many intriguing algebrai and arithmeti properties, the most important ones being summarized in Verlinde's
theorem [2℄[3℄, but one may also ite the trae identities of [4℄ and other related results. These speial features
are related to the fat that the modular representation provides the dening data of a 3D Topologial Field
Theory [5℄[6℄.
A most important harateristi of the modular representation is its kernel, the normal subgroup of Γ(1)
whose elements are represented by the identity matrix. It has been onjetured by several authors [7℄[8℄[9℄[10℄
that the kernel is a ongruene subgroup, i.e. it ontains some prinipal ongruene subgroup Γ(N). This
would have important onsequenes for a better understanding of the analyti and arithmeti properties of
the genus one haraters. No general proof of the above ongruene subgroup property may be found in the
literature, the best known result being that the ongruene property holds if the Dehn-twist T is represented
by a matrix of odd order [11℄, but for generi RCFTs the order of T tends to be even, as an be seen on the
example of (Virasoro) minimal models.
The aim of the present paper is to present a proof of the ongruene subgroup property for an arbitrary
RCFT. We shall do this by studying the Galois ation [12℄[13℄ in the RCFT and in suitable permutation
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orbifolds of it. By exploiting the knowledge of the modular representation of these permutation orbifolds,
we'll be able to give a simple desription of the Galois ation on arbitrary modular matries. This in turn will
allow us to write down a simple expression for the matrix elements of an arbitrary modular transformation,
leading to a straightforward haraterization of the kernel and an immediate proof of the ongruene subgroup
property. It should be emphasized that the results we present are muh more powerful than the ongruene
property itself, for they allow a more rened study of the interplay between the arithmeti properties of
modular matrix elements and the group theoreti properties of the modular representation.
2. The Galois ation
In this setion we'll review the basi aspets of the Galois ation in RCFT, beginning with some standard
fats about the modular representation, mostly to set the notation.
Let's onsider a Rational Conformal Field Theory C with a nite set I of primary elds. The genus one
haraters χp (τ) of the primaries p ∈ I transform aording to a unitary representation of the modular group
Γ(1), i.e. for m =
(
a b
c d
)
∈ Γ(1) we have
χp
(
aτ + b
cτ + d
)
=
∑
q
M qpχq (τ)(1)
In the sequel, we shall always denote by M the matrix representing m ∈ Γ(1) in the basis of genus one
haraters.
Of speial interest are the matries T and S representing t =
(
1 1
0 1
)
and s =
(
0 −1
1 0
)
. As s and t
generate the modular group Γ(1), any representation matrixM may be written in terms of S and T , although
the resulting expression may be quite umbersome. It follows from the dening relations of Γ(1) that
STS = T−1ST−1(2)
S4 = 1(3)
Moreover, it is known that S2 is the harge onjugation operator, i.e.(
S2
)q
p
= δp,q(4)
where q denotes the harge onjugate of the primary q.
The most important properties of S and T are summarized in the elebrated theorem of Verlinde [2℄:
1. T is diagonal of nite order.
2. S is symmetri.
3. The quantities
Npqr =
∑
s∈I
SpsSqsSrs
S0s
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are non-negative integers, being the dimension of suitable spaes of holomorphi bloks. Here and in
the sequel, the label 0 refers to the vauum of the theory.
The basi idea in the theory of the Galois ation [12℄[13℄ is to look at the eld F obtained by adjoining to
the rationals Q the matrix elements of all modular transformations. One may show that, as a onsequene of
Verlinde's theorem, F is a nite Abelian extension of Q. By the elebrated theorem of Kroneker and Weber
this means that F is a subeld of some ylotomi eld Q [ζn] for some integer n, where ζn = exp
(
2pii
n
)
is a
primitive n-th root of unity. We'll all the ondutor of C the smallest n for whih F ⊆ Q [ζn] and whih is
divisible by the order of the Dehn-twist.
Among other things, the above results imply that the Galois group Gal (F/Q) is a homomorphi image of
the Galois group Gn = Gal (Q [ζn] /Q). But it is well known that Gn is isomorphi to the group (Z/nZ)∗ of
prime residues modulo n, its elements being the Frobenius maps σl : Q [ζn]→ Q [ζn] that leave Q xed, and
send ζn to ζ
l
n for l oprime to n. Consequently, the maps σl are automorphisms of F over Q.
Aording to [13℄, we have (for l oprime to the ondutor)
σl
(
Sqp
)
= εl(q)S
pilq
p(5)
for some permutation pil ∈ Sym (I) of the primaries and some funtion εl : I → {−1,+1}. In other words,
upon introduing the orthogonal monomial matries
(Gl)
q
p = εl(q)δp,pilq(6)
and denoting by σl (M) the matrix that one obtains by applying σl to M elementwise, we have
σl (S) = SGl = G
−1
l S(7)
Note that for l and m both oprime to the ondutor
pilm = pilpim
Glm = GlGm
The Galois ation on T is even simpler, for T is diagonal, and its eigenvalues are roots of unity, onsequently
σl (T ) = T
l
(8)
3. Galois ation on Λ matries
In this setion we'll study the Galois ation in some appropriate permutation orbifold [14℄. Aording to
the Orbifold Covariane Priniple [15℄, all the properties of the Galois ation reviewed in the previous setion
should hold in the permutation orbifold, in partiular the Galois ation on the S-matrix elements may be
desribed via suitable permutations pil of the primaries of the orbifold and signs εl . This will in turn allow
us to determine the Galois ation on Λ-matries.
We x a positive integerN , and onsider the group Ω generated by the yli permutation (1, . . . , N). One
an then form the permutation orbifold C ≀Ω aording to [16℄[17℄, whih is a new RCFT with expliitly known
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genus one haraters and modular transformation matries. Among the primary elds of the permutation
orbifold C ≀Ω there is a subset J of speial relevane to us. The primaries in J are labeled by triples [p, n, k],
where p ∈ I is a primary of C, while n and k are integers mod N . The subset of those [p, n, k] where n
is oprime to N will be denoted by J0. It follows from the general theory of permutation orbifolds [16℄[17℄
that the primary elds [p, n, k] ∈ J0 have vanishing S-matrix elements with the primaries not in J , while for
[q,m, l] ∈ J we have1
S
[q,m,l]
[p,n,k] =
1
N
ζ
−(km+ln)
N Λ
q
p
(
mnˆ
N
)
(9)
where nˆ denotes the mod N inverse of n and ζN = exp
(
2pii
N
)
.
Let's now onsider the ation of a Galois transformation σl with l oprime to N . Aording to the results
of the previous setion, we have
2
σl
(
S[p,n,k]q
)
= ε˜l (p, n, k)S
p˜il[p,n,k]
q(10)
for some permutation p˜il of the primaries of C ≀ Ω and some signs ε˜l.
Lemma 1. The set J is invariant under the permutations p˜il, i.e. p˜il (J ) = J . For a primary [p, n, k] ∈ J0
one has
p˜il [p, n, k] =
[
pilp, ln, k˜
]
(11)
for some funtion k˜ of l, p, n and k, and
ε˜l (p, n, k) = εl(p)(12)
Proof. First, let's x [p, n, k] ∈ J . Aording to Eq.(9), we have
S
[p,n,k]
[q,1,0] =
1
N
ζ−kN Λ
p
q
( n
N
)
and this expression diers from 0 for at least one q ∈ I, by the unitarity of Λ-matries. Selet suh a q ∈ I,
and apply σl to both sides of the equation. One gets that
ε˜l (p, n, k)S
p˜il[p,n,k]
[q,1,0] = σl
(
S
[p,n,k]
[q,1,0]
)
diers from 0, but this an only happen if p˜il [p, n, k] ∈ J beause [q, 1, 0] ∈ J0.
Next, for [p, n, k] ∈ J0 onsider
S
[p,n,k]
[q,0,m] =
1
N
ζ−nmN S
p
q(13)
Applying σl to both sides of the above equation we get from Eq.(5)
ε˜l(p, n, k)S
p˜il[p,n,k]
[q,0,m] =
1
N
ζ−lnmN εl(p)S
pilp
q
1
For the denition and basi properties of Λ-matries, see the Appendix.
2
We'll always assume that l is oprime to the ondutor, but this is no loss of generality, as it an always be ahieved aording
to Dirihlet's theorem on primes in arithmeti progressions.
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But the lhs. equals
ε˜l(p, n, k)
1
N
ζ−n˜mN S
p˜
q
aording to Eq.(13) if p˜il [p, n, k] =
[
p˜, n˜, k˜
]
. Equating both sides we arrive at
Sp˜q = εl(p)ε˜l(p, n, k)ζ
−m(n˜−ln)
N S
pilp
q
As the lhs. is independent of m, we must have
n˜ ≡ ln (modN)
and
p˜ = pilp
as well as
ε˜l(p, n, k) = εl(p)
Proposition 1. For l oprime to the denominator of r
σl (Λ (r)) = Λ (lr)GlZl(r
∗) = Zl (r)G
−1
l Λ(lˆr)(14)
where Zl(r) is a diagonal matrix whose order divides the denominator N of r, and lˆ is the mod N inverse of
l.
Proof. Write r = nN , with n oprime to N , and reall that r
∗ = nˆN , where nˆ is the mod N inverse of n.
Consider
S
[p,n,k]
[q,1,m] =
1
N
ζ
−(k+nm)
N Λ
p
q
( n
N
)
(15)
Applying σl to both sides of the above equation and taking into aount Eqs. (11,12), we get
εl(p)S
[pilp,ln,k˜]
[q,1,m] =
1
N
ζ
−l(k+nm)
N σl
(
Λpq
( n
N
))
But form Eq.(15), the lhs. equals
εl(p)
1
N
ζ
−(k˜+lnm)
N Λ
pilp
q
(
ln
N
)
so after rearranging, we get
σl
(
Λpq
( n
N
))
= εl(p)ζ
(lk−k˜)
N Λ
pilp
q
(
ln
N
)
(16)
As the lhs. is independent of k
k˜ − lk ≡ k0 (l, p, r) (modN)(17)
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Of ourse, the point is that k0 is independent of k. If we introdue the diagonal matrix
Zl (r)
q
p = δp,qζ
−k0(l,p,r
∗)
N(18)
then it is obvious that the order of Zl(r) divides the denominator of r and the rst equality in Eq.(14) holds.
The seond follows simply from Λ (r)
T
= Λ (r∗).
Note that it follows from the denition of Zl(r) that Zl(0) = I and Zl(r + 1) = Zl(r).
Lemma 2.
G−1l Zm(lˆr)Gl = Zlm(r)Z
−m
l (r)(19)
whenever both l and m are oprime to the denominator of r.
Proof. This follows at one from σlm = σlσm applied to Λ(r).
Lemma 3. If n is oprime to the denominator of r, then
Znl (r) = Zl (nr)(20)
Proof. Let r = mN , with m oprime to N . Aording to Eq.(9)
NS
[q,nm,0]
[p,n,0] = Λ
q
p (r)
Applying σl to both sides we get
σl
(
Λqp (r)
)
= Nεl(q)S
[pilq,lnm,k0]
[p,n,0] = εl(q)ζ
−nk0(l,q,nmN )
N Λ (lr)
pilq
p
i.e.
Λ (lr)GlZl (r
∗) = Λ (lr)GlZ
n
l (nˆr
∗)
by Eq.(14), i.e.
Zl (r) = Z
n
l (nˆr)
But this is equivalent to the assertion.
Theorem 1. For all l oprime to the ondutor
G−1l TGl = T
l2
(21)
Proof. Take N equal to the order of T . Clearly, N divides the ondutor. By Eq.(31) of the Appendix,
Λ
(
1
N
)
= T−
1
N S−1T−NST−
1
N = T−
2
N
But
σ2l
(
Λ
(
1
N
))
= σl
(
Λ
(
l
N
)
GlZl
(
1
N
))
= Zl
(
l
N
)
G−1l Λ
(
1
N
)
GlZ
l
l
(
1
N
)
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or in other words
T−
2l
2
N = G−1l T
− 2
N GlZ
2
l
(
l
N
)
beause both Zl and T are diagonal, hene they ommute. If N is even, then taking the
N
2 -th power of the
last equation gives the result. If N is odd, then there exists k suh that 2k ≡ 1 (modN), and taking the
kN -th power of the equation gives again Eq.(21).
Remark 1. This result has been onjetured in [11℄, where some of its onsequenes (to be reviewed in the
next setion) had been derived.
Corollary 1.
G−1l MGl = σ
2
l (M)(22)
for any modular matrix M .
Proof. We have just seen that it holds for T , and it also holds for S by Eq.(7). But s and t generate Γ(1),
onsequently the laim should hold for any m ∈ Γ(1).
Proposition 2. If l is oprime to both the ondutor and the denominator of r, then
G−1l T
rGl = T
l2rZ ll (r)(23)
Proof. Let's write r = nN . We know from [16℄[17℄ that
ω[p,n,k] = ζ
nk
N ω
1/N
p
where ωp = exp
(
2pii
(
∆p − c24
))
is the exponentiated onformal weight of the primary p, i.e. the matrix
element Tpp. By Eq.(21)
ωl
2/N
p = ωp˜il[p,1,0] = ω[pilp,l,k0] = ζ
lk0
N ω
1/N
pilp
i.e.
Z ll
(
1
N
)
pp
= ζ
−lk0(l,p,1/N)
N = ω
1/N
pilp ω
−l2/N
p
or in other words
Z ll
(
1
N
)
= G−1l T
1
N GlT
− l
2
N
Taking the n-th power of the last equation and using Eq.(20) gives the result, beause Zl and T ommute.
Lemma 4. Suppose that l is oprime to the denominator of both r1 and r2. Then
Zl(r1)Zl(r2) = Zl (r1 + r2)(24)
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Proof.
T l
2(r1+r2)Z ll (r1)Z
l
l (r2) = G
−1
l T
r1+r2Gl = T
l2(r1+r2)Z ll (r1 + r2)
aording to Proposition 2.
4. The Galois ation revisited
In this setion we translate the results of the previous setion about the Galois ation on Λ-matries to
statements about the Galois ation on modular matrix elements.
Proposition 3. For l oprime to the ondutor,
Gl = S
−1T lST lˆST l(25)
where lˆ denotes the inverse of l modulo the ondutor.
Proof. Let's apply σl to both sides of the modular relation Eq.(2). One gets
SGlT
lG−1l S = T
−lSGlT
−l
After rearranging and using Eq.(21) we get the assertion.
Proposition 4. The ondutor equals the order N of T , and F = Q [ζN ].
Proof. Clearly, N divides the ondutor, for the eigenvalues of T are roots of unity. But for l ≡ 1 (modN)
we have
σl (T ) = T
l = T
and
σl (S) = T
lST lˆST l = S
aording to Eqs.(8,7,25), onsequently all suh l xes F , i.e. F ⊆ Q [ζN ]. On the other hand, if σl xes F
then l ≡ 1 (modN), i.e. Gal (F/Q) = Gal (Q [ζN ] /Q).
Remark 2. The above two propositions had been derived in[11℄, upon postulating Eq.(21). Earlier, they have
been onjetured in [18℄.
Lemma 5. If Gl is diagonal, then Gl = ±I.
Proof. Gl diagonal means that pil is the identity permutation. If we apply σl to S0p, we get
σl (S0p) = εl (0)S0p = εl (p)S0p
beause pilp = p. But S0p > 0, onsequently εl(p) = εl(0) = ±1, proving the lemma.
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Proposition 5. Let N0 denote the order of the matrix ω
−1
0 T , i.e. the least ommon multiple of the denom-
inators of the onformal weights. Then N = eN0, where the integer e divides 12. Moreover, the greatest
ommon divisor of e and N0 is either 1 or 2.
Proof. That N0 divides N is obvious. If we onsider the matrix T
N0
, then it will equal ζ = ωN00 times the
identity matrix. But N is the exat order of T , onsequently ζ is a primitive e-th root of unity. On the other
hand, Eq.(21) implies
G−1l T
N0Gl = T
l2N0
for all l oprime to N , i.e.
ζl
2
= ζ
In other words, the exponent of (Z/eZ)
∗
should divide 2, and this an only happen if e divides 24.
Next, let's onsider l = 1 + 6N0. By the above result, l is oprime to both N0 and e, onsequently it is
also oprime to N . If lˆ denotes its inverse mod N , then we have
lˆ =
{
1 + 6N0 if N0 is odd,
1− 6N0 if N0 is even.
Aording to Eq.(25),
Gl = ST
lS−1T lˆST l = ζ6(2±1)I
But if Gl is diagonal, then it equals ±I, so that ζ12(2±1) = 1. Together with ζ24 = 1, this yields ζ12 = 1.
Finally, let D denote the gd of e and N0, and onsider l = 1 +
N
D . It is straightforward that l is oprime
to N , and its inverse modulo N is lˆ = 1− ND . But
Gl = ζ
e
D I
and one again this should equal ±I, onsequently D divides 2.
Remark 3. As it turns out, there are no further restritions on the value of N/N0, i.e. eah divisor of 12
ours for some RCFT. But for a given value of N/N0, tehniques similar to the above yield more restritions
on N0, e.g. N/N0 = 12 annot our unless N0 ≡ ±1 (mod 6).
Corollary 2. N0 times the entral harge is an even integer.
Proof. If c denotes the entral harge, then ω0 = exp
(−pii c12). But ωN0 = 1, so by the above ω12N00 = 1,
proving the laim.
Proposition 6. There exists a funtion N(r) suh that the ondutor N divides N(r) if the number of
primary elds - i.e. the dimension of the modular representation - is r.
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Proof. Let's denote by s(r) the exponent of the symmetri group Sr of degree r. As the permutations pil
belong to Sr, it follows that pi
s(r)
l is the identity permutation, i.e. G
s(r)
l is diagonal. By Lemma 5 this
means that G
s(r)
l = ±I, whih in turn implies that l2s(r) ≡ 1 (modN) for all l, i.e. the exponent of the
group (Z/NZ)
∗
divides 2s(r). Taking N(r) to be the greatest integer satisfying this last ondition proves the
proposition.
Aording to this proposition, for a given number of primary elds one has only a nite number of onsistent
hoies for the ondutor N and the matrix T . The upper bound for N(r) given in the proof may be greatly
improved by exploiting the known properties of the matries Gl (e.g. that they ommute), whih leads to
the following table for small values of r :
r N(r)
2 240
3 5040
4 10080
5 1441440
5. The kernel of the modular representation
Reall that the kernel K onsists of those modular transformations whih are represented by the identity
matrix, i.e.
K = {m ∈ Γ(1) |M qp = δp,q}
Proposition 7. Let m =
(
a b
c d
)
∈ SL(2,Z), l oprime to the ondutor, lk = 1 + αc and
mˆ =
(
la b+ αad
c kd
)
Then
σl (M) = MˆGlT
−αld
(26)
Proof. Aording to Eq.(14)
σl (M) = σl
(
T a/cΛ
(a
c
)
T d/c
)
= T al/cΛ
(
al
c
)
GlZl
(
d
c
)
T dl/c
beause
(
a
c
)∗
= dc . But
Λ
(
al
c
)
= T−al/cMˆT−kd/c
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so
σl (M) = MˆT
−kd/cGlZl
(
d
c
)
T ld/c
From Eq.(23)
T−kd/cGl = GlT
−l2kd/cZl
(−lkd
c
)
Putting all this together, we get
σl (M) = MˆGlT
−ld(1+αc)/cZl
(−d
c
)
Zl
(
d
c
)
T ld/c
whih proves the laim aording to Eq.(24).
Corollary 3. If m =
(
a b
c d
)
∈ Γ(1) with d oprime to the ondutor, then
σd (M) = T
bS−1T−cσd (S)(27)
Proof. If we take l = d and k = a in Eq.(26), then α = b and mˆ = tbs−1t−cstb.
Theorem 2. Let d be oprime to the ondutor N . Then
(
a b
c d
)
∈ Γ(1) belongs to the kernel K if and
only if
σd (S)T
b = T cS(28)
Proof. If m ∈ K, then σd (M) is the identity matrix, and Eq.(27) implies the result.
Remark 4. Apparently, the above riterion does only apply in ase d is oprime to the ondutor. But if
m ∈ K, then
t−kmtk =
(
a− kc b− k2c+ k(a− d)
c d+ kc
)
also belongs to K. Dirihlet's theorem on primes in arithmeti progressions ensures that d+ kc is oprime to
the ondutor for innitely many k, reduing the general ase to the oprime one.
For the next result, reall that
Γ1 (N) =
{(
a b
c d
)
∈ Γ (1) | a, d ≡ 1 (modN) , c ≡ 0 (modN)
}
and
Γ (N) =
{(
a b
c d
)
∈ Γ1 (N) | b ≡ 0 (modN)
}
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Theorem 3.
K ∩ Γ1 (N) = Γ (N)
In partiular, K is a ongruene subgroup of level N .
Proof. If
(
a b
c d
)
∈ Γ1 (N), then Eq.(28) redues to ST b = S, whose only solution is b ≡ 0 (modN).
The above result means that the modular representation fators through SL2 (N) ∼= Γ(1)/Γ(N), i.e. there
exists a representation D of SL2 (N) suh that the modular representation is the omposite map D ◦ µN ,
where we denote by µN the natural homomorphism Γ(1) → SL2 (N). The representation D gives us an
elegant desription of the Galois ation.
Denition 1. For l oprime to N , dene the automorphism τl : SL2 (N)→ SL2 (N) by
τl
(
a b
c d
)
=
(
a lb
lˆc d
)
(29)
where lˆ is the mod N inverse of l.
Theorem 4.
σl ◦D = D ◦ τl(30)
Proof. As a homomorphi image of Γ(1), SL2 (N) is generated by µN (s) and µN (t), so it is enough to verify
Eq.(30) for these matries. For t, the lhs. reads
σl ◦D ◦ µN (t) = T l
while the rhs. is
D
(
1 l
0 1
)
= T l
and these are learly equal. For the ase of s, the lhs. reads
σl (S) = SGl = T
lST lˆST l
aording to Eq.(25), while the rhs. is
D
(
0 −l
lˆ 0
)
It is easy to hek that (
0 −l
lˆ 0
)
≡ tlstlˆstl (modN)
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proving the laim.
Note that in terms of the representation D we have
Gl = D
(
lˆ 0
0 l
)
i.e. the matries Gl represent the diagonal subgroup of SL2 (N).
Without going into the details, we note without proof that Eq.(28) implies the following results :
1. G2d = 1, onsequently d
4 ≡ 1 (modN).
2. b, c ≡ 1− d2 (modN0) .
3. εd (0) = ω
c−b
0 , in partiular 2c ≡ 2b (modN).
4. 2c ≡ 0 (modN0).
6. Examples
Let's look at a ouple of simple examples to illustrate the above results. First, let's onsider the Lee-
Yang model, i.e. the minimal model M (5, 2). It has entral harge c = − 225 and two primary elds, whose
onformal weights are 0 and − 15 . The S matrix reads
S =
2√
5
(
− sin ( 2pi5 ) sin ( 4pi5 )
sin
(
4pi
5
)
sin
(
2pi
5
)
)
The ondutor N equals 60, while N0 = 5, providing an example where the ratio N/N0 attains the upper
bound of Lemma. As it turns out, the image K = µN (K) of the kernel is a non-Abelian group of order 192,
whose enter is Z22 , and whose derived subgroup is Z
3
2. A small generating set for K is provided by the
matries (
19 5
5 14
)
,
(
31 35
5 56
)
,
(
56 5
35 31
)
As a seond example, let's onsider the Ising model, i.e. the minimal model M (4, 3). The entral harge
is c = 12 , there are 3 primary elds of onformal weights 0,
1
2 and
1
16 , and
S =
1
2


1 1
√
2
1 1 −√2√
2 −√2 0


The ondutor equals 48, while N0 = 16. In this ase K has order 64, it's derived subgroup is Z2, while its
enter is Z22 × Z4. A small generating set for K is given by the SL2 (48) matries(
43 40
40 35
)
,
(
29 40
40 37
)
,
(
21 8
40 45
)
,
(
35 40
40 43
)
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Finally, the following table ontains the relevant data for some minimal models, the pqth entry giving
respetively the ondutor N , the ratio N/N0, and the index [K : Γ (N)] = |µN (K)| for the minimal model
M(q, p) (the rst entry in the rst olumn being the Lee-Yang model disussed above).
p\q 5 6 7 8 9 10 11
2 60;12;192 42;6;48 36;4;24 33;3;16
3 40;2;16 168;6;128 32;1;4 120;3;32 88;2;16
4 240;3;64 336;3;128 144;1;8 528;3;128
5 120;1;4 840;6;256 480;3;32 360;2;32 1320;6;256
6 168;1;8 264;1;8
7 672;3;64 504;2;32 840;3;64 1848;6;256
8 288;1;4 1056;3;64
9 360;1;4 792;2;32
10 1320;3;64
As an aside, we note that for all minimal models M (q, p)
N0 =


q p = 2
4q p = 3
4pq p > 3
and
N/N0 =
6
Gcd(6, pq)
for p > 3, while
N/N0 =


6 q ≡ 1 (mod 6)
3 q ≡ 4 (mod 6)
2 q ≡ 5 (mod 6)
1 q ≡ 2 (mod 6)
for p = 3 and
N/N0 =


12 q ≡ 1, 5, 13, 17 (mod 24)
6 q ≡ 7, 23 (mod 24)
4 q ≡ 9, 21 (mod 24)
3 q ≡ 11, 19 (mod 24)
2 q ≡ 15 (mod 24)
1 q ≡ 3 (mod 24)
for p = 2.
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7. Summary
As we have seen in the previous setions, the theory of the Galois ation supplemented by the Orbifold
Covariane Priniple leads to a host of interesting results about the arithmeti and group theoreti properties
of the modular representation. In partiular, we have been able to show that the kernel of the modular
representation is always a ongruene subgroup, whose level equals the ondutor, i.e. the order of the
Dehn-twist T . Eq.(28) gives a simple haraterization of the kernel, whih allows for eient algorithms to
determine the kernel expliitly. We have also determined the Galois ation on arbitrary modular matries,
and gave an eetive formula to ompute the representation matrix of any modular transformation, Eq.(27).
Moreover, the results of setion 4 put severe restritions on the spetrum of the Dehn-twist T , and imply
that, for a given number of primary elds, there is only a nite number of allowed modular representations.
It seems unlikely that the above results ould be derived without using the theory of the Galois ation, and
provide a nie example of the use of arithmeti in mathematial physis.
Of ourse, a host of questions remain open. An obvious one is to nd a diret haraterization of the
kernel. While Eq.(28) gives a simple riterion to deide whether a modular transformation belongs to the
kernel in ase its diagonal elements are oprime to the ondutor, and in priniple the general ase an be
redued to this one, a simple riterion valid for any modular transformation would be welome. One might
also wonder to nd a small set of numerial data that would haraterize the kernel ompletely. As we have
seen, these would inlude the parameters N and N0, whih already determine the kernel to a great extent,
but are not enough to haraterize it ompletely.
Another line of study is to investigate the algebro-geometri properties of the modular urve X (K) as-
soiated to the kernel. This is a ompat Riemann-surfae, whose omplex struture an be desribed by
standard tehniques, e.g. one an determine the period matrix, et. It is also known that the eld of mero-
morphi funtions on X (K) is a Galois extension of C (j) with Galois group Γ(1)/K, where j is the lassial
modular invariant. As the genus one haraters of the primaries are meromorphi funtions on this modular
urve, it is tempting to expet that some deeper properties of the RCFT should be enoded in struture of
the urve X (K).
Still another interesting question onerns the representation D of SL2 (N) introdued in Setion 5. We
know already some of its properties, e.g. its kernel and its behavior under Galois transformations, Eq.(30),
but there is learly muh more to learn about it. As the representation theory of SL2(N) is known, one
would be interested to know whih irreduible representations appear in D and with whih multipliities,
et. Of ourse, one should bear in mind that D is not simply a representation, but a representation with a
hoie of a distinguished basis.
Finally, let's make some omments about the relevane of the above on the lassiation program. Aord-
ing to Proposition 6, for a given number of primary elds it is in priniple possible to enumerate all matries
S and T that are ompatible with the results of this work, i.e. those whih an our as the generators of
the modular representation of a onsistent Rational Conformal Field Theory. Of ourse, it may happen that
suh a list would ontain spurious entries whih do not orrespond to any RCFT, but one may hope that
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using all known properties of the modular representation, these spurious solutions an be disarded, leading
to a omplete list.
8. Appendix
In this appendix we review the denition and the basi properties of the Λ-matries used in Setion 3. See
[19℄ for more details.
Let r = kn be a rational number in redued form, i.e. with n > 0 and k and n oprime. Choose integers x
and y suh that kx − ny = 1, and dene r∗ = xn . Then m =
(
k y
n x
)
belongs to Γ(1), and we dene the
matrix Λ (r) via
Λ (r)
q
p = ω
−r
p M
q
pω
−r∗
q
or symbolially
Λ(r) = T−rMT−r
∗
Of ourse, one should x some denite branh of the logarithm to make the above denition meaningful, but
dierent hoies lead to equivalent results.
It is a simple matter to show that Λ(r) is well dened, i.e. does not depend on the atual hoie of x and
y. In the same vein, Λ(r) is periodi in r with period 1, i.e.
Λ(r + 1) = Λ(r)
For r = 0 we just get bak the S matrix
Λ(0) = S
and for a positive integer n we have
Λ
(
1
n
)
= T−
1
nS−1T−nST−
1
n
(31)
Finally, one an show that
Λ (r∗)
q
p = Λ(r)
p
q
and
Λ (−r)qp = Λ (r)qp
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